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.
adamianis moRvaweobis yvela sferoSi warmoiSoba miznis miRwevis arsebuli saSualebebidan saukeTesos, anu optimaluris arCevis problema. optimaluris povnis amocana ki daiyvaneba maqsimumis da minimumis anu eqstremumis povnis amocanaze. amitomac, aseT amocanebs eqstremaluri amocanebi ewodeba. aseTi tipis amocanebi pirvelad antikur epoqaSi daisva da isini maTematikis ganviTarebis mTeli istoriis manZilze ipyrobdnen yuradRebas. maT Soris uZvelesad iTvleba klasikuri izoperimetriuli amocana: mocemuli sigrZis Caketili wirebs Soris ipoveT iseTi, romelic Semowers udides farTobs. imave periods ekuTvnis evklides amocana (me-4s.Cv.w-de): mocemul samkuTxedSi CaxazeT udidesi farTobis mqone paralelogrami. antikuri civilizaciis ganadgurebasTan erTad, evropaSi mecnieruli azris ganviTareba minelda daaxloebiT me-15s-de. me-16s.-Si daisva algebruli Sinaarsis mqone eqstremaluri amocanebi. (erT-erTi maTgania tartalias amocana: ricxvi 8 gavyoT or nawilad ise, rom maTi namravlis namravli maTive sxvaobasTan iyos maqsimaluri). unda aRiniSnos, rom me-17s-de ar arsebobda eqstremaluri amocanis amoxsnis zogadi sqema. TiToeuli amocana ixsneboda misTvis Seqmnili xerxiT, da, rogorc wesi, atarebda misi amomxsnelis saxels. (evklides, tartalias, arqimedes da a.S. amocanebi)  me-17s.-Si eqstre-maluri amocanebis kvlevas stimuli misca sabunebismetyvelo mecnierebebsa da praqtikaSi arsebulma moTxovnilebebma. 1615w. gamovida i. kepleris wigni `Rvinis kasrebis axali stereometria~, sadac is gamoTqvams varauds, rom `nebismieri maqsimumis siaxloves, cvlilebebi araa sagrZnobi~.  am sityvebSia Cadebuli eqstremumebis Zebnis ZiriTadi algoriTmi, romelic Semdeg zusti Teoremis saxiT Camoayaliba jer fermam 1629w, (mravalwevrebisaTvis), xolo mogvianebiT niutonma da leibnicma, da romelic yvelasTvis cnobili fermas Teoremis saxels atarebs.

 fermas saxels ukavSirdeba, agreTve pirveli variaciuli principi. sinaTlis gardatexis kanoni eqsperimentulad daadgina sneliusma, xolo fermamM wamoayena eqstremalur principi, romelic ambobs: araerTgvarovan garemoSi sinaTlis sxivi irCevs traeqtorias, romlis gaswvrivac misi erTi wertilidan meoremde gadasvlis dro minimaluria.  am momentidan dawyebuli, `variaciuli principis~ idea (anu mtkiceba imis Sesaxeb, rom bunebis kanonebi SeiZleba gamoyvanilni iqnan raime eqstremaluri Sesabamisobidan) gaxda erT-erTi ZiriTadi idea bunebismetyvelebaSi. fermas variaciuli principis kvaldakval, aRmoCenil iqna variaciuli principebi, jer meqanikaSi, Semdeg fizikaSi. cnobilma mecnierma l. eilerma, ki aseTi mosazrebac gamoTqva: `qveyanaze ar xdeba araferi, raSic ar Cans raime maqsimumis an minimumis azri.~

me-17s-is bolos, kerZod, 1696 wels, iohan bernulim dasva axali amocana: vertikalur sibrtyeSi mocemulia ori 
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 da 
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 wertili. vipovoT traeqtoria 
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 , romlis gaswvrivac, sakuTari simZimis ZaliT moZravi 
[image: image4.wmf]M

 sxeuli, 
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-mde miva umokles droSi.  man maTe-matikosebs am amocanis amosaxsnelad erTi weli misca, Tumca amoxsnebi droze adre miiRo. es amocana amoxsnes leibnicma, iakob da iohan bernulebma, hiugensma, niutonma. aRmoCnda, rom uswrafesi daSvebis wiri, anu braqistoqroni, aris cikloidi. adre ganxiluli amocanebisgan (mag; evklides) gansxvavebiT, sadac SesaZlo variantebis arCeva xdeboda sasrulganzomilebiani simravlidan, am amocanisTvis, ori wertilis SemaerTebeli wirebis simravle usasruloganzomilebiania. braqistoq-.ronis amocaniT daiwyo klasikuri variaciuli aRricxvis istoria. variaciuli aRricxvis Teoriis ganviTarebaSi didi wvlili miuZRviT eilers, lagranJs, leJandrs, iakobis, vaierStrass, hamiltons da sxv. me-18s-Si eileris da lagranJis mier Seiqmna amoxsnis meTodebi eqstremaluri amocanebisTvis SezRudvebis gareSe da tolobis tipis SezRudvebiT. mogvianebiT, Cvens droSi, gamokvleuli iqna eqstremaluri amocanebi tolobis da utolobis tipis SezRudvebiT.

me-20 saukunis 30-ian wlebSi bevri Tvlida, rom eqstremaluri amocanebis Teoriis problematika praqtikulad amowuruli iyo. magram aRmoCnda, rom bevri ekonomikuri Sinaarsis mqone amocanis amoxsna praqtikulad SeuZlebeli iyo eqstremaluri amocanebis Teoriis arsebuli meTodebiT. me-20 saukunis 50-ian wlebSi kantoroviCma da dancigma Seqmnes axali mimarTuleba eqstremaluri amocanebis TeoriaSi, romelic wrfivi programirebis saxeliTaa cnobili.

eqstremaluri amocanebis Teoriis ganviTarebis Sedegad, Seiqmna rigi dargebisa: amozneqili programireba, romelic ikvlevs amozneqil obieqtebs. masSi centraluri adgili uWiravs kunisa da takeris Teoremas, romelic me-20 saukunis 50-ian wlebSi damtkicda. optimaluri marTvis Teoria, romelic sxva mimarTulebebis msgavsad, warmoiSva gamoyenebiTi xasiaTis amocanebTan, kerZod,  avtomaturi regulirebis amocanebTan dakavSirebiT (SaxtSi liftis marTva misi uswrafesi gaCerebis mizniT, raketis moZraobis marTva da a.S.) optimaluri marTvis amocanebSi, sxva eqstremaluri amocanebisgan gansxvavebiT, monawileobs marTva.  
[image: image7.wmf]uU

Î

.   
[image: image8.wmf]U

 simravle gansazRvravs adamianis gavlenas procesze. eqstremalurobis aucilebeli pirobebi am amocanisTvis aris pontriaginis maqsimumis principi. 
yoveli konkretuli amocanis gamokvleva Sinaarsobrivad gansxvavebuli ramdenime etapisagan Sedgeba. esenia: amocanis maTematikuri modelis Sedgena, miRebuli eqstremaluri amocanisTvis amoxsnis (optimizaciis) meTodis SerCeva da amocanis amoxsna, Sedegebis analizi da interpretireba. sxva sityvebiT, yovel konkretul amocanaSi saWiroa miznisa da saSualebebis garkveva. magaliTad, Tu amocanaSi saqme exeba xarjebs, maSin bunebrivi mizania xarjebis minimizacia, Tu laparakia mogebaze, maSin mogebis maqsimizacia, Tu vangariSobT saukeTeso, anu umokles manZils, maSin isev minimizacia da a. S.. maTematikis enaze, amocanis mizani aris raime funqcionali (e. i. funqcia mniSvnelobebiT namdvil ricxvTa simravleSi), romelsac miznis funqcia ewodeba da romlis eqstremaluri mniSvnelobebic unda moiZebnos: 
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 gasagebia, rom miznis funqciis mniSvnelobebi namdvili ricxvebia, radgan sxva SemTxvevaSi ver avarCevT eqstremalur (ukidures) mniSvnelobas. magram rogori unda iyos misi gansazRvris are? magaliTisTvis warmovidginoT, rom miznis funqcia aris 
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 da mis Sesaxeb mxolod is viciT, rom X raRac simravlea. am SemTxvevaSi, 
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  funqciis eqstremaluri mniSvnelobebis mosaZebnad ar gagvaCnia araviTari meTodi garda funqciis mniSvnelobebis gadarCevisa, rac araviTar Sedegs ar mogvcems, Tu 
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 funqciis saxe usasrulo raodenoba wertilebs Seicavs; am dros sasruli raodenoba moqmedebebiT amonaxsns ver vipoviT, SemTxveviT, erTxelac, eqstremaluri mniSvneloba rom Segvxvdes, amas mainc ver mivxvdebiT, radgan Sesadarebeli mniSvnelobebis raodenoba usasruloa. 

umetes SemTxvevaSi, praqtikuli Sinaarsis mqone amocanebis maTematikuri modelis Seqmna ar amoiwureba miznis funqciis SerCeviT. am dros bunebrivad Cndeba SezRudvebi, romlebic gviCveneben rom eqstremumi unda veZioT ara argumentis yvela mniSvnelobisaTvis, aramed gansazRvris aris romeliRac konkretul qvesimravleze, romelsac dasaSvebi simravle ewodeba. dasaSvebi simravlis elementebs, Cveulebriv, dasaSvebi wertilebi ewodebaT. sailustraciod, ganvixiloT piradi moxmarebis Teoriis umartivesi amocana, rodesac bazarze aris erTaderTi produqti da erTaderTi myidveli (e.w. momxmarebeli), produqtis erTeulis fasia p, xolo momxmareblis Semosavali, anu mis xelT arsebuli Tanxa aris I. mocemulia agreTve zrdadi funqcia (am funqciis sxva Tvisebebi amjerad saintereso araa) U(x), romelic gamoxatavs x raodenoba produqtis sargeblianobas mocemuli myidvelisaTvis.  amasTan, SesaZlebelia produqtis erTeulis danawileba nebismieri proporciiT (magaliTad, erTeuli SeiZleba iyos 1kg Saqari, an milioni wyvili fexsacmeli). piradi moxmarebis Teoriis umartivesi amocanas warmoadgens sargeblianobis maqsimizacia 
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, imis gaTvaliswinebiT, rom unda Sesruldes x>0 (rogorc raodenoba) da agreTve biujeturi SezRudva 
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, rom daxarjulma Tanxam ar gadaaWarbos Semosavals. sabolood, miiReba amocana: 
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amocanas, romelSic mravali cvladis funqciis eqstremumebs veZebT da cvladebi garkveul pirobebs (SezRudvebs) akmayofileben, maTematikuri programirebis amocana ewodeba.  maTematikuri programirebis amocanebi miznis funqciisa da SezRudvebis struqturis mixedviT iyofa wrfivi, arawrfivi, dinamiuri, diskretuli(mTelricxva), stoqasturi programirebis amocanebad.  maTematikuri programirebis zemoCamoTvlil meTodebs Soris yvelaze ganviTarebuli da TiTqmis saboloo saxe aqvs miRebuli wrfivi programirebis meTodebs. wrfivi programirebis amocanebs, maTi Seswavlis meTodebis specifikurobis gamo, SeviswavliT operaciaTa gamokvlevis kursSi.

 warmodgenil kursSi, misi auditoriis interesebis, meTodologiuri faqtorebis da koniunqturis gaTvaliswinebiT, Setanilia maTematikuri programirebis amocanebis amoxsnis  SedarebiT gavrcelebuli meTodebi, romelTa efeqturoba dadasturebulia praqtikiT. isini sxvadasxva wyarodanaa aRebuli, magram gadamuSavebulia da gamoyenebulia aRniSvnebis erTiani sistema. gasaTvaliswinebelia erTi garemoebac. radgan maTematikuri programireba SedarebiT axalgazrda disciplinaa, zogjer erTi da igive cnebis gamosaxatavad gamoiyeneba sxvadasxva termini. Cven vimuSavebT SedarebiT gavrcelebuli terminebiT da aucileblobis SemTxvevaSi mivuTiTebT sinonimebs. 

aRniSvnebi
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  _ n-ganzomilebiani namdvili veqtor _ striqonebis sivrce;
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  _ n-ganzomilebiani namdvili veqtor _ svetebis sivrce;

x,y,z,(    _
kaligrafiuli mcire asoebi aRniSnaven skalarul (ricxviT) sidideebs;
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beWduri mcire asoebi aRniSnaven veqtorebs;
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  _ veqtor_striqonis standartuli Canaweri;

xi          _
x veqtoris i_uri komponenti (koordinati);
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_ organzomilebiani da samganzomilebiani veqtoris tradiciuli Canawerebi, ZiriTadad gamoiyeneba magaliTebis amoxsnis procesSi;

locmin(i), an ubralod locmin (locmax, locextr) _lokaluri minimumis (maqsimumis, eqstremumis) wertilebis simravle (i) amocanaSi; 

glmin(i), an ubralod glmin (glmax, glextr) _globaluri minimumis (maqsimumis, eqstremumis) wertilebis simravle (i) amocanaSi;
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 funqciis infimumi, anu am funqciis mniSvnelobaTa simravlis zusti qveda zRvari. 
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x veqtoris evkliduri norma: 
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arauaryofiT namdvil ricxvTa simravle. 

ZiriTadi ganmartebebi

ganmarteba. Semdeg Canawers: 
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(1.1)

sadac 
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 X Ria simravlea 
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Si  da  

, ewodeba minimizaciis sasrulganzomilebiani amocana, an ubralod minimizaciis amocana, f _s ewodeba miznis funqcia anu kriteriumi, M  _s ewodeba dasaSvebi simravle.  (1.1) _is amoxsna niSnavs, rom unda movZebnoT rogorc minimumis wertilebi anu minimalebi, aseve miznis funqciis minimaluri mniSvnelobebic. 

(1.1) _is amoxsna gulisxmobs ori sakiTxis garkvevas: arseboben Tu ara minimumis wertilebi (1.1) amocanaSi, da Tu arseboben rogor movZebnoT isini. 

minimumis wertili SeiZleba iyos ori saxis. 

ganmarteba. dasaSveb 
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 wertils ewodeba globaluri minimali (1.1) amocanaSi, an 
[image: image37.wmf]()

f

g

 _funqciis globaluri minimumis wertili M _ze (iwereba 
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magaliTad: 

marcxena naxazze funqcias aqvs lokaluri minimumis wertilic. 

zogierT amocanaSi globaluri minimali arc arsebobs. magaliTad, Tu 
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SeniSvna.  Sinaarsobrivad, samarTliania Semdegi tolobebi: globaluri = absoluturi, lokaluri = fardobiTi, minimumis wertili = minimali. 

ganmarteba. dasaSveb 
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 wertils ewodeba lokaluri minimali (1.1) amocanaSi da iwereba 
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 _isaTvis sruldeba: 
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sxva sityvebiT, 
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 maSin da mxolod maSin, rodesac 
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 da arsebobs iseTi 
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), xolo Sebrunebuli debuleba samarTliani ar aris, rac Cans Semdeg naxazze:
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zogjer, eqstremaluri amocanis formulirebaSi monawileobas iRebs garkveuli parametrebi; magaliTad gaCere-bis piroba eqstremumis wertilis Ziebis procesSi, iteraciebis maqsimaluri raode-noba an sizuste, risi miRwevac sasurvelia mocemul amocanaSi. aseT   amocanebs   Cven
SevxvdebiT meore TavSi. 

zogjer saWiro xdeba mkacri eqstremumis wertilebis ganxilva. mkacri minimumis SemTxvevaSi, ganmartebebi igivea rac zemoT, magram niSani 
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 icvleba < _iT da aRiniSneba, rom x unda gansxvavdebodes 
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ganmarteba. dasaSveb 
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 wertils ewodeba mkacri lokaluri minimali (1) amocanaSi, Tu romeliRac 
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 _isaTvis sruldeba: 
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maqsimizaciis amocanisaTvis: 
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sadac 
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 X Ria simravlea 
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Si  da  

, f _s kvlav miznis funqcia ewodeba, M  _s kvlav dasaSvebi simravle ewodeba da  (1.2) _is amoxsna niSnavs, rom unda movZebnoT rogorc maqsimumis wertilebi anu maqsimalebi, aseve miznis funqciis maqsimaluri mniSvnelobebic. 

ganmarteba. Semdeg Canawers: 
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sadac 
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 ewodeba sasrulganzomilebiani eqstremaluri amocana, an ubralod eqstremaluri amocana.  f  aris miznis funqcia,  M  aris dasaSvebi simravle. miznis funqciis minimumebs da maqsimumebs ewodebaT misi eqstremumebi, xolo (1.1) da (1.2) amocanebis minimalebi da maqsimalebi aris eqstremumis wertilebi (1.3) amocanisTvis. SevniSnoT, rom Cven ar vxmarobT termins eqstremali. (1.2) amocanis amoxsna, Cveulebriv, niSnavs eqstremumis wertilebisa da eqstremumebis moZebnas. 

gavrcelebulia mosazreba, rom minimizaciis (1.1) amocana zogadobis TvalsazrisiT ar Camouvardeba (1.3) amocanas, radgan maqsimizaciis (1.2) amocana igivea, rac 
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   (1.4)

saxis minimizaciis amocana. magram aq saWiroa jerovani sifrTxile, radgan SesaZloa minimizaciis meTodi samarTliani iyos miznis funqciebis iseTi klasisaTvis, romelic araa Caketili niSnis Secvlis mimarT. amis magaliTebs Cven SevxvdebiT unimodaluri da amozneqili funqciebis minimizaciis amocanebSi. amdenad, gamoTqma “zogadobis SeuzRudavad ganvixiloT minimizaciis amocana” niSnavs Semdegs: rodesac (1.3) eqvivalenturia minimizaciis ori ((1.1) da (1.4)) amocanisa erTobliobaSi, maSin, garkveulobisaTvis da simartivisaTvis, mizanSewonilia mxolod minimizaciis amocanebis ganxilva. 
gamoyenebiTi Sinaarsis mqone amocanebis umetesobisaTvis 
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 CarTvas ewodeba piroba, an SezRudva,  amitom roca 
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, amboben, rom gvaqvs pirobiani anu SezRudvebiani amocana. Tu 
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 piroba avtomaturad sruldeba da Sesabamis eqstremalur amocanas ewodeba upirobo anu amocana SezRudvebis gareSe.

SezRudvaTa tipebi
ganvixiloT eqstremaluri amocana: 
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rac ufro martivi saxe aqvs 
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 SezRudvas, miT ufro advili amosaxsnelia (1.5). SemdegSi Cven SevxvdebiT Semdegi saxis SezRudvebs:

1. amocana SezRudvebis gareSe, roca 
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2. tolobis tipis SezRudvebi, rodesac
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, rogorc wesi, uwyveti maincaa, xolo 
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 mocemuli mudmivebia. 

tolobis tipis SezRudvebis SemTxvevaSi, (1.5) eqstremaluri amocanis Cawera xelsayrelia Semdegi saxiT:


[image: image77.wmf]111

11

(x,,x)extr,(x,,x),,(x,,x).

nnn

mm

ffbfb

®==

KKKK


rogorc wesi, imisaTvis, rom Sesruldes 
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utolobis tipis SezRudvebis SemTxvevaSi (1.5) amocana iRebs Semdeg saxes, romelsac ewodeba maTematikuri programirebis amocana:
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SevniSnoT, rom garkveul SemTxvevebSi sakmarisia aviRoT 
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4 kombinirebuli SemTxveva, rodesac erTdroulad gvaqvs tolobisa da utolobis tipis SezRudvebi. Tumca, Teoriulad II) da IV) aris III)-is kerZo SemTxveva, radgan 
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savarjiSoebi
SeadgineT eqstremaluri amocana, romelSic:

#1.  globaluri minimalebisa da maqsimalebis raodenoba usasruloa. 

#2. miznis funqcia SemosazRvrulia, globaluri maqsimumi miiRweva, minimumi ara. 

#3. miznis funqcia SemosazRvrulia, magram globaluri minimumi da maqsimumi ar miiRweva. 

#4.   miznis funqcia SemosazRvrulia, zogierT wertilSi misi warmoebuli nulis tolia, magram globaluri minimumi da maqsimumi ar miiRweva. 

#5. miznis funqcia SemosazRvrulia, aqvs lokaluri minimumebi da maqsimumebi, magram globaluri minimumi da maqsimumi ar miiRweva. 

#6.   aris erTaderTi lokaluri eqstremumi, romelic araa globaluri. 

#7.   aris lokaluri maqsimumebis usasrulo raodenoba, magram ar aris arc erTi globaluri minimumi. 

miTiTeba:  miznis funqcia SesaZloa iyos ori cvladis funqcia. (
Semdegi savarjiSoebisTvis SeadgineT Sesabamisi eqstremaluri amocanebi tolobis an utolobis tipis SezRudvebiT. 

#8. moZebneT 
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#9. moZebneT 
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#10. moZebneT umoklesi manZili sibrtyis mocemuli (1,2) wertilidan 
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#11. CaxazeT wreSi samkuTxedi ise, rom gverdebis kvadratebis jami iyos minimaluri. 
#12. moZebneT sibrtyis is wertili, saidanac sam mocemul wertilebamde manZilebis jami minimaluria. 
#13. CaxazeT wreSi maqsimaluri farTobis mqone marTkuTxedi. 
#14. gayaviT ricxvi 8 or nawilad ise, rom maTi namravlis namravli maT sxvaobaze iyos maqsimaluri (tartalias amocana).
#15. ipoveT udidesi farTobis mqone marTkuTxa samkuTxedi, romlis kaTetebis jami tolia mocemuli ricxvis (fermas amocana). 
#16. l sigrZis wiriT SemozRudeT maqsimaluri farTobis mqone marTkuTxedi. 
#17.  (2) amocanisTvis ganmarteT globaluri da lokaluri maqsimalebi. 
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    lokaluri eqstremumis

   wertilebis Zieba

eqstremaluri amocanebis amoxsnisas gvixdeba pasuxis gacema Semdeg kiTxvebze: 

1. arsebobs Tu ara amocanis amonaxsni?

2. rogoria amocanis eqstremumis arsebobis aucilebeli pirobebi?

3. rogoria amocanis eqstremumis arsebobis sakmarisi pirobebi  da rogor Seicvleba amonaxsni amocanis parametrebis cvlilebisas?

4. SesaZlebelia Tu ara amonaxsnis povna cxadi saxiT da Tu es siZneleebTanaa dakavSirebuli rogor vipovoT misi miaxloebiTi amonaxsni ricxviTi meTodiT?
lokaluri eqstremumis wertilebis Ziebis mizniT pier fermas (Fermat) Semdeg arsebiTad gamoiyeneba diferencialuri aRricxvis saSualebebi. Ziebis procesi oretapiania. pirvel etapze xdeba dasaSvebi simravlidan  kritikuli wertilebis K simravlis gamoyofa, romelic Seicavs sawyisi amocanis yvela eqstremumis wertils, xolo Semdeg xdeba kritikuli wertilebis gamokvleva maTgan eqstremumis wertilebis amorCevis mizniT. 

dasaSvebi simravlidan kritikuli wertilebis gamoyofisaTvis lagranJis (Lagrange) principi gamoiyeneba. Tumca kritikuli wertilebis K simravlis gansazRvris wesi damokidebulia SezRudvaTa tipze konkretul eqstremalur amocanaSi, magram Tu mocemul amocanaSi kritikul wertilTa simravlis gansazRvra sxvadasxvanairad SeiZleba (magaliTad, tolobis tipis SezRudvebi warmoadgens utolobis tipis SezRudvebis kerZo SemTxvevas), daculia calsaxobis principi: yvela SemTxvevaSi miiReba erTi da igive K simravle. 

kritikuli wertilebis simravlis gamokvlevas aadvilebs is garemoeba, rom gamoyenebebSi misi struqtura sakmaod martivia. sakmaod gavrcelebulia SemTxvevebi, rodesac:

1. K simravle Sedgeba mxolod eqstremumis wertilebisgan; 

2. K sasruli simravlea;

3. f(K) sasruli simravlea.

kritikuli wertilebis gamokvlevis procesi ar aris standartuli procedura, radgan gamokvlevis meTodebi mravalferovania. Cven ganvixilavT mxolod ramdenimes, yvelaze martivs da efeqturs. 

	2.1.
	globaluri eqstremumis wertilebis

	
	arsebobisTvisD vaierStrasis sakmarisi piroba da misi Sedegebi


bunebrivia, vidre daviwyebdeT eqstremumis wertilebis Ziebas, ajobebs gavarkvioT maTi arsebobis sakiTxi. 

      miznis funqciis wyvetiloba da dasaSvebi simravlis arakompaqturoba aris ori ZiriTadi faqtori, rac xels uSlis globaluri minimalis arsebobasac da arsebobis faqtis dadgenasac. 
Teorema /vaierStrasis/. vTqvaT, M aris Caketili da SemosazRvruli (anu kompaqturi) simravle 
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amocanaSi arsebobs globaluri minimali da maqsimali. 

damtkiceba. aviRoT 
[image: image91.wmf]{

}

x

inf(x)

M

kf

Î

=

. SevniSnoT, rom k –sTvis dasaSvebia  
[image: image92.wmf]-¥

 mniSvnelobac. infimumis ganmartebis ZaliT arsebobs iseTi mimdevroba 
[image: image93.wmf]{

}

1

x

i

i

M

¥

=

Ì

, rom 
[image: image94.wmf]lim(x)

i

i

fk

®¥

=

. radgan M kompaqturia, am mimdevrobidan gamoiyofa qvemimdevroba 
[image: image95.wmf]{

}

1

x

j

j

i

M

¥

=

Ì

, krebadi M –is rome-liRac 
[image: image96.wmf]0

x

 wertilisaken, rac 
[image: image97.wmf]()

f

×

-is uwyvetobis ZaliT gvaZlevs: 


[image: image98.wmf]0

lim(x)(x).

j

j

i

ff

®¥

=






(2.2)
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zRvris erTaderTobis gamo, (2.2) da (2.3) gvaZlevs 
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 (2.1) amocanisTvis ganvixiloT SemTxvevebi, roca ar sruldeba vaierStrasis Teoremis  erT-erTi piroba:
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globaluri maqsimali da minimali ar miiRweva.
2.  
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globaluri maqsimali miiRweva,  globaluri minimali _ara. 

vaierStrasis Teorema gvaZlevs globaluri minimalis da maqsimalis arsebobis sakmaris pirobebs, rac niSnavs, rom Tu mocemuli pirobebi sruldeba, globaluri minimali da maqsimali arsebobs, magram, SesaZlebelia, globaluri minimali da maqsimali arsebobdes  Teoremis romelime pirobis darRvevis SemTxvevaSic.
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am amocanaSi ar sruldeba vaierStrasis Teoremis erT-erTi piroba, magram globaluri minimali da maqsimali miiRweva.

CamovayaliboT vaierStrasis Teoremis ori Sedegi, romlebSic Sesustebulia SezRudva dasaSveb simravleze, samagierod, damatebulia SezRudva miznis funqciaze. maT CamovayalibebT orive tipis eqstremumisaTvis, amasTan, ZiriTadi versia yalibdeba minimalisaTvis, maqsimalis SemTxveva ki moyvanilia frCxilebSi. 

Sedegi 1. vTqvaT, M aris Caketili simravle 
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maSin (1) amocanaSi arsebobs globaluri minimali (maqsimali). 

damtkiceba. ganvixiloT minimumis SemTxveva; meore analogiuria. 

Tavidanve aRvniSnoT, rom 
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ganvixiloT ramdenime magaliTi; vTqvaT, (2.1) amocanaSi 
4. 
[image: image140.wmf]MR

=

    
[image: image141.wmf]3

()

fxx

=

    (
[image: image142.wmf]M

  Caketilia, 
[image: image143.wmf]()

fx

 funqcia uwyvetia)

am SemTxvevaSi ar sruldeba arc piroba   
[image: image144.wmf]x,

lim(x)

x

M

f

Î®¥

=+¥

,  

arc piroba   
[image: image145.wmf]x,

lim(x)

x

M

f

Î®¥

=-¥

,       

           
[image: image146.wmf]2

0

2

2

2

 

da globaluri minimali da maqsimali ar arsebobs.

5. 
[image: image147.wmf]MR

=

    
[image: image148.wmf]4

()

fxx

=

    (
[image: image149.wmf]M

  Caketilia, 
[image: image150.wmf]()

fx

 funqcia uwyvetia)

                 
[image: image151.wmf]10

0

10

0

50

100

x

4

x

   

am SemTxvevaSi sruldeba piroba, 
[image: image152.wmf]x,

lim(x)

x

M

f

Î®¥

=+¥

 da arsebobs globaluri minimali.

6. 
[image: image153.wmf]2

MR

=

    
[image: image154.wmf](

)

(

)

(

)

22

x(,)

ffxyxy

==+

   (
[image: image155.wmf]M

 aris mTeli sibrtye, e.i.  Caketili simravle , 
[image: image156.wmf]()

fx

 funqcia uwyvetia)

          
[image: image157.wmf]f

 

  am SemTxvevaSic sruldeba piroba, 
[image: image158.wmf]x,x

lim(x)

M

f

Î®¥

=+¥

PP

 da arsebobs globaluri minimali

bunebrivad Cndeba kiTxva, ra xdeba im SemTxvevaSi, rodesac arsebobs 
[image: image159.wmf]lim(x)

x

f

®¥

, magram igi sasruli ricxvia. moviyvanoT vaierStrasis Teoremis meore Sedegi, romelic pasuxs gvaZlevs am kiTxvaze. 

Sedegi 2. vTqvaT, M aris Caketili simravle 
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amocanebSi #18-26 vaierStrasis Teoremisa da misi Sedegebis safuZvelze daadgineT globaluri minimalebisa da maqsimalebis arsebobis sakiTxi.
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amitom marjvena mxare miiswrafis plius usasrulobisaken, roca 
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#29. amocanebSi #8-15 formalizebuli eqstremaluri amocanebisaTvis gamoikvlieT globaluri minimalebisa da maqsimalebis arsebobis sakiTxi vaierStrasis Teoremisa da misi Sedegebis safuZvelze.
#30. aCveneT, rom wrfivi miznis funqciis mqone Semdeg minimizaciis amocanaSi 
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gluvi eqstremaluri amocanebi erT cvladze damokidebuli miznis    funqciiT
   eqstremaluri amocanebi, romlebSic miznis funqcia erT cvladzea damokidebuli, miekuTvneba eqstremaluri amocanebis yvelaze martiv (advilad Sesaswavl) klass. isini xSirad gvxvdeba praqtikuli amocanebis amoxsnis dros da mravali cvladis funqciis eqstremumis miaxloebiTi mniSvnelobis povnis procesSi. amdenad, maTi Seswavla aqtualuria.

wina TavSi, ganxiluli iyo  eqstremaluri amocanebis amonaxsnis arsebobis sakiTxi. am TavSi ganvixilavT eqstremaluri amocanebis amonaxsnis arsebobis aucilebel da sakmaris pirobebs.

	3.1
	gluvi eqstremaluri amocana Ria dasaSvebi simravliT 

	


gavrcelebuli terminologiiT, eqstremalur amocanas ewodeba gluvi, Tu miznis funqcia da dasaSvebi simravlis ganmsazRvravi funqciebi uwyvetad warmoebadni arian saWiro rigiT. 

gluvi eqstremaluri amocana Ria dasaSvebi simravliT ismeba Semdegnairad:
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 Ria simravlea, anu warmoidgineba Ria intervalebis sasruli an Tvladi gaerTianebis saxiT

1. mokle reziume
gluvi eqstremaluri  amocanis gamokvleva unda moxdes Semdegi TanmimdevrobiT:

1. maTematikuri modelis Sedgena, anu amocanis formulireba (3.1) saxiT;

2. (3.1) eqstremalur amocanaSi kritikuli wertilebis gansazRvris mizniT, 
[image: image202.wmf](

)

0

fx

¢

=

  gantolebis amoxsna
3. kritikuli wertilebis gamokvleva, maTgan eqstremumis wertilebis amorCevis mizniT, vaierStrasis Teoremis Sedegebis, ganmartebis, an eqstremalurobis sakmarisi pirobebis safuZvelze.  

2. maTematikuri modelis Sedgena

ganvixiloT maragTa marTvis amocana da SevadginoT misi maTematikuri modeli.
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3. kritikuli wertilebis gansazRvra.
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4. kritikuli wertilebis gamokvleva
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rogorc vxedavT, lagranJis optimaluri mamravlebi gviCveneben, Tu ramdenadaa mgrZnobiare miznis funqciis mniSvneloba SezRudvis parametrebis cvlilebis mimarT. magaliTad, Tu romelime lagranJis mamravli nulis toli aRmoCnda, Sesabamisi parametris mcire cvlileba gavlenas ar iqoniebs miznis funqciis eqstremalur mniSvnelobaze. 

lagranJis mamravlebis interpretacia gansakuTrebiT Sinaarsiania ekonomikur amocanebSi. maragis ganawilebis ekonomikur amocanebSi miznis funqcias aqvs Rirebulebis ganzomileba (Rirebuleba aris fasis namravli produqciis moculobaze), xolo SezRudvebis saSualebiT dgindeba produqciis gansazRvruli moculoba. (4.32) –is mixedviT, lagranJis mamravls aqvs fasis ganzomileba. am mizezis gamo, lagranJis mamravlebs uwodeben Crdilovan fass mocemul produqciaze.
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SevamciroT cvladebis ricxvi SemTxvevaTa ricxvis zrdis xarjze.
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da ganvsazRvroT 
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(5.13) –is amosaxsnelad gamoiyeneba rogorc analizuri, aseve miaxloebiTi (specialurad kvadratuli funqciebisTvis gaTvaliswinebuli) meTodebi.
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unda aRiniSnos, rom (5.13) amocanis amoxsna SeiZleba aRmoCndes sakmaod rTuli da gamoTvlebis sirTulis gaTvaliswinebiT, sawyisi   amocanis sadari. amitom niutonis meTods iyeneben maSin, roca  
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ganvixiloT minimizaciis amocana:
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romelic SeiZleba SevcvaloT ekvivalenturi amocaniT:
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amocanebSi #103 - 105, moaxdineT kvadratuli miznis funqciebis minimizacia da daasruleT gamoTvlebi maSin, rodesac Sesruldeba piroba 
[image: image1625.wmf](

)

x

0,01,1,2,

x

k

j

f

jn

¶

£=

¶

K

.

#103  
[image: image1626.wmf](

)

(

)

22

2

,44617min,,

fxyxxyyxxy

=++-®Î

¡

;

#104  
[image: image1627.wmf](

)

(

)

22

2

,10310min,,

fxyxxyyyxy

=++-®Î

¡

;

#105  
[image: image1628.wmf](

)

(

)

22

2

,26min,,

fxyxxyyxyxy

=-++-®Î

¡

;

amocanebSi #106 -109, moZebneT 
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#109  naxevarsivrceze: 
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amocanebSi #110 – 113, gamoiyeneT wina amocanebis pasuxebi da gradientis proeqciis meTodiT amoxseniT minimizaciis amocanebi: 
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amocanebSi #114 -117, moZebneT 
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#114  n _ ganzomilebiani sivrcis arauaryofiT oqtantze: 
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#115  n _ ganzomilebiani paralelepipedze: 
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#116  Caketil r radiusian birTvze centriT 
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#117  naxevarsivrceze: 
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amocanebSi #118 – 120, gamoiyeneT wina amocanebis pasuxebi da gradientis proeqciis meTodiT amoxseniT minimizaciis amocanebi: 
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    gluvi eqstremaluri amocanebi tolobis da utolobis tipis SezRudvebiT 
1. mokle reziume
gluvi amocana tolobisa da utolobis tipis SezRudvebiT ewodeba Semdeg eqstremalur amocanas: 
     
[image: image1650.wmf]011

(x)extr,         (x)0, , (x)0,       (x)

=0,, (x)=0.     

km

gggff

®££

KK

 
    (6.1)
sadac yoveli gj da fi (j=0,...,k, i=1,…,m) aris sakmarisad gluvi funqcia 
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. radgan eqstremumis ganmartebaSi monawileoben utolobebi, amitom miznis funqcia da utolobebis ganmsazRvreli funqciebi erTi da igive simboloTia aRniSnuli. (6.1)-is amomwurav analizs Cven ar moviyvanT, radgan Tavisi sirTulisa da specifikis gamo es ufro speckursis Temaa. praqtikuli amocanebis amoxnisas xelsayrelia (6.1)-is nacvlad ganvixiloT ori minimizaciis amocana  (erTgan g0(x)→min, meoregan ki _g0(x)→min), radgan minimizaciisa da maqsimizaciis amocanebisaTvis algoriTmebi gansxvavdeba mcire detalebiT, rac advilad iwvevs Secdomas, amitom zogadobis SeuzRudavad, SemdegSi ganvixilavT minimizaciis gluv amocanas:

      
                g0(x)→min,     g1(x)≤0, …, gk(x)≤0,      f1(x)=0,…, fm(x)=0.   
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am amocanaSi miznis funqciaa 
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am paragrafSi Cven davasabuTebT, rom tolobis da utolobis tipis SezRudvebis mqone gluvi amocanis gamokvleva unda moxdes Semdegi TanmimdevrobiT:

9. maTematikuri modelis Sedgena, anu amocanis formulireba (6.2) saxiT;
10.  (6.2) amocanisaTvis lagranJis funqciis Sedgena:
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(6.3) 
   
sadac λi  da μi є R  lagranJis mamravlebia, xolo μ=( μ1,…, μk),   λ=( λ1,…, λm).
11.  (6.2) amocanisaTvis kritikuli wertilebis simravlis gansazRvra:   
gantolebaTa sistemis:
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aseTi amonaxsnebis 
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_ebis simravle aRvniSnoT K-Ti da vuwodoT kritikuli wertilebis simravle (6.2) amocanaSi. lagranJis principis Tanaxmad locmin(6.2) Sedis K-Si.

12. kritikuli wertilebis gaamokvleva im mizniT, rom maTgan amovarCioT minimumis wertilebi.  
2. maTematikuri modelis Sedgena
sailustraciod, ganvixiloT fasiani qaRaldebis portfelis Sedgenis amocana. 

erT–erTi umniSvnelovanesi amocana, romlis gadaWrac uwevT sainvesticio firmebs (bankebs, fondebs, sadazRvevo kompaniebs) aris fasiani qaRaldebis optimaluri portfelis Sedgenis amocana. portfeli niSnavs sxvadasxva saxis fasian qaRaldebSi (obligaciebi, aqciebi, sabanko sadepozito sertifikatebi da sxva) Cadebuli Tanxebis moculobebis erTobliobas. am amocanis gadasaWrelad, misi maTematikuri sirTulisa da ekonomikuri mniSvnelobis gamo, damuSavebulia sxvadasxvanairi modelebi. 

vigulisxmoT, rom damdeg sainvesticio periodSi SeiZleba naRdi C kapitalis Cadeba n saxis fasian qaRaldebSi. vTqvaT, 
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 aris j– uri saxis fasian qaRaldSi Cadebuli kapitalis moculoba (dolarebSi), 
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vTqvaT, arsebobs statistikuri monacemebi bolo T wlis ganmavlobaSi TiToeuli saxis kapitaldabandebis Sesaxeb, romlebic asaxaven am periodSi fasebis meryeobas da dividendebis gacemas. am monacemebis saSualebiT, SesaZlebelia Sefasdes kapitaldabandebebidan miRebuli Semosavali fasiani qaRaldis yoveli saxisTvis. vTqvaT, 
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 aris t welSi j saxis fasian qaRaldSi dabandebuli erTi dolarisgan miRebuli mTliani Semosavali. maSin: 
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 aris j saxis fasiani qaRaldis fasi wlis (zogadad, sainvestcio periodis) dasawyisSi,  
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SevniSnoT, rom 
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 SesaZloa Zlier icvlebodes wlidan wlamde da SeiZleba hqondes nebismieri niSani. imisaTvis, rom Sefasdes j saxis fasian qaRaldSi dabandebis mizanSewoniloba, unda Sefasdes j saxis fasian qaRaldSi dabandebuli erTi dolarisgan miRebuli Semosavlis  saSualo anu mosalodneli mniSvneloba: 
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mosalodneli Semosavlis mTliani sidide iqneba: 
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modeli 1. am amocanisTvis SedarebiT martivad gamosakvlev (Sesabamisad, naklebad adekvatur) maTematikur models aqvs saxe: 
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sxva sityvebiT, gvinda movaxdinoT mTliani mosalodneli mogebis maqsimizacia imis gaTvaliswinebiT, rom SezRudulia investiciebis mTliani moculoba da valis aReba ar daiSveba. amave models SeuZlia damatebiT gaiTvaliswinos sxva SezRudveb. ganvixiloT ori SedarebiT gavrcelebuli maTgani. 


sainvesticio firmebis umravlesoba zRudavs kapitaldabandebaTa moculobas Cveulebrivi aqciebisTvis, radgan maTgan Semosavals axasiaTebs mniSvnelovani rxevebi (anu Zlieri cvlilebebi). aseTi SezRudva SeiZleba ACaiweros formuliT: 
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 Sedgeba Cveulebrivi aqciebis sxvadasxva saxeebis indeqsebisgan, xolo 
[image: image1677.wmf]1
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 aRniSnavs Cveulebriv aqciebSi maqsimalur dasaSveb kapitaldabandebas. 


mravali sainvesticio firmis mmarTveloba aucileblad miiCnevs kapitalis nawilis SenarCunebas naRd fulad an mis ekvivalentur raime formad, meanabreTa moTxovnilebebis dakmayofilebis mizniT. es SezRudva SeiZleba ACaiweros formuliT: 


[image: image1678.wmf]2

2

j

jJ

xb

Î

³

å

,

sadaac 
[image: image1679.wmf]2

J

 simravlis indeqsebi Seesabameba fasian qaRaldebs, romlebic naRdi fulis ekvivalenturia (magaliTad, Semnaxvel angariSebs, mimdinare angariSebs); 
[image: image1680.wmf]2
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 aris aucilebeli naRdi saSualebebis minimaluri raodenoba. 


am martivi modelis ZiriTadi nakli imaSi mdgomareobs, rom investiciebTan dakavSirebuli riskis gaTvaliswineba ar xdeba. fasiani qaRaldebis pirtfeli, romelsac SevadgenT am modelis gamoyenebiT, SeiZleba gvpirdebodes maRal saSualo mosalodneli Semosavals, magram investiciebTan dakavSirebuli riskic aseve maRali iqneba. maRali riskis gamo, realuri Semosavali SesaZloa gacilebiT dabali aRmoCndes, vidre Teoriulad mosalodneli. 

modeli 2. am modelSi xdeba fasiani qaRaldebis TiToeul saxesTan dakavSirebuli riskis gaTvaliswineba. zogierTi fasiani qaRaldis, e.w. “spekulaciur aqciebs” aqvT tendencia Zlieri rxevebisadmi, rac zrdis riskis faqtors, Tumca saSualo mosalodneli mogebac maRalia, radgan aseTi qaRaldebis kursma SesaZloa Zlier aiwios. meore mxriv. “usafrTxo investiciebi”, rogoricaa mimdinare angariSebi an sabanko depozituri sertifikatebi, _ iZleva nakleb Semosavals. 


sainvesticio riskis zomad gamoiyeneba Semosavlis gadaxra misi saSualo mniSvnelobidan bolo T  wlis ganmavlobaSi. aRvniSnoT 
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s

 -Ti j saxis fasiani qaRaldis dispersia (sainvesticio riski) romelic gamoiTvleba formuliT: 
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gasaTvaliswinebelia, rom fasiani qaRaldebis romelime jgufis kursi SesaZloa damokidebuli iyos ekonomikis garkveuli sferos mdgomareobaze; am sferos Cavardna gamoiwvevs am jgufis fasiani qaRaldebis kursis dacemas. iseTi fasiani qaRaldebis magaliTebs, romelTa kursebi erTdroul rxevas eqvemdebareba, warmoadgenen saavtomobilo da sanavTobo firmebis aqciebi, komunaluri momsaxurebis sawarmoTa aqciebi da sxva. msgavsi riskis Sesamcireblad, investiciebi unda ganawildes fasiani qaRaldebis sxvadasxva jgufebze. aseT ganawilebaSi gamoiyeneba Semosavlis doneTa Tanafardobis Sefasebebi fasiani qaRaldebis yoveli wyvilisTvis. es Tanafardoba gamoisaxeba kovariaciis 
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 koeficientebiT, romlebic gamoiTvleba bolo wlebis statistikuri monacemebis safuZvelze: 
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SevniSnoT, rom roca 
[image: image1685.wmf]ij
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, es sidide gadadis j saxis fasiani qaRaldis dispersiaSi. amgvarad, sainvesticio riskis sazomad SegviZlia gamoviyenoT sidide: 
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 aris kovariaciis matrica, 
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 zomis, Sedgenili n saxis fasiani qaRaldisaTvis. 


portfelis gansazRvris procesSi fasiani qaRaldebis mflobeli SesaZloa dainteresebuli iyos garkveuli moculobis saSualo mosalodneli mogebis miRebiT minimaluri riskis pirobebSi. Sesabamis optimizaciis amocanas aqvs saxe: 
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sadac R aris mogebis  minimaluri saSualo mosalodneli mniSvneloba portfelis arCevis dros. modelSi, SesaZloa, agreTve iyos firmis politikasTan dakavSirebuli SezRudvebi, rogorc wina modelSi iyo ganxiluli. 

3.  kritikuli wertilebis gansazRvra
Semdeg Teoremas, romelic warmoadgens minimumis pirveli rigis aucilebel pirobas minimizaciis 

      
                g0(x)→min,     g1(x)≤0, …, gk(x)≤0,      f1(x)=0,…, fm(x)=0.   

    (6.6)

amocanaSi, tradiciulad uwodeben lagranJis mamravlTa wess gluvi amocanebisTvis tolobis da utolobis tipis SezRudvebiT. 
Teorema 1 /minimumis pirveli rigis aucilebeli piroba/.   vTqvaT, gj  da fi funqciebi (j=0,…,k, i=1,…,m) uwyvetad warmoebadebia  
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 wertilis raime midamoSi, xolo 
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 aris lokaluri minimumis wertili (6.2) amocanaSi. maSin arseboben erTdroulad nulis aratoli lagranJis mamravlebi 
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 romelTaTvisac sruldeba Semdegi pirobebi:

a) x-is mimarT lagranJis funqciis stacionalurobis piroba: 
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b) niSnebis SeTanxmebis piroba: yoveli 
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damtkiceba. Tu aRvniSnavT: 
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 aris lokaluri minimali Semdeg amocanaSi: 

g0(x)→min,     g1(x)=
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amitom SegviZlia gamoviyenoT wina paragrafis analogiuri Teorema da davaskvnaT, rom arseboben erTdroulad nulis aratoli lagranJis mamravlebi 
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 romelTaTvisac sruldeba x-is mimarT lagranJis funqciis stacionalurobis piroba: 


[image: image1703.wmf]0

ˆ

ˆˆˆ

(x,,,)

0,1,,

x

i

in

lmm

¶

==

¶

K

L

.

amgvarad, dasamtkicebeli rCeba b) da g). simartivisTvis, maT davamtkicebT kerZo SemTxvevisTvis, romelic, principSi, srulad amowuravs Teoremis praqtikul gamoyenebebs.

davuSvaT, sruldeba igive pirobebi, rac sakmarisia lagranJis mamravlebis ekonomikuri Sinaarsis gasarkvevad da vigulisxmoT, rom 
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 parametr – veqtoris yoveli mniSvnelobisTvis, romelic mcired ganxvavdeba 
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g0(x)→min,     g1(x)=
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aqvs erTaderTi amonaxsni 
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 naxevradRia SualedSi sakmaod mcire 
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 Ria SualedSi sakmaod mcire 
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magaliTi. erTeulovan wrewirSi CavxazoT maqsimaluri farTobis mqone marTkuTxedi.

[image: image1949.bmp]amoxsna. x-iT aRvniSnoT horizo-ntaluri gverdis naxevari, y-iT vertikalis naxevari, maSin farTobi aris 4xy, SezRudvebi aris x2+y2=1 da x≥0,  y≥0. amgvarad , gvaqvs: 
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  (6.7)
    


esaa gluvi eqstremaluri amocana tolobis da utolobis tipis SezRudvebiT. SevadginoT misTvis lagranJis funqcia:
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amovweroT gantolebebi, romlebic gansazRvraven kritikul wertilebs:
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  (6.8)

es aris arawrfivi sistema xuTi gantolebiTa da eqvsi cvladiT.

movZebnoT kritikuli wertilebi. am mizniT Cven veZebT (6.8)-is iseT 
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 amonaxsnebs, romlebic akmayofileben zemoT aRweril a), b), g) SezRudvebs. visargebloT lagranJis funqciis erTgvarovnebiT mamravlebis mimarT da SevamciroT cvladebis raodenoba ((6.8)-Si SemTxvevaTa ricxvis gazrdis xarjze):

1) jer ganvixiloT μ0=0. (6.8) miiRebs saxes:

μ1= 2λx     μ1x=0,    x2+y2=1,   μ2 =2λy,   μ2y=0,

e.i  
[image: image1729.wmf]22

12

20,20,

xxyy

mlml

====

 saidanac 
[image: image1730.wmf]22

2()0

xy

l

+=

 da radgan x2+y2=1, amitom λ=0  ( μ1=μ2=0, e.i Tu μ0=0, rogori 
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 amonaxsnic ar unda hqondes (6.8)-s, yovelTvis 
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, rac winaaRmdegobaSia a) SezRudvasTan. e.i μ0=0  SemTxveva arc erT kritikul wertils ar iZleva.

2) aviRoT μ0=1. axla SevecadoT (6.8)-Si movxsnaT 
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 saxis arawrfivobebi. amisaTvis cal-calke unda ganvixiloT SemTxvevebi 
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μ2>0, maSin y=0, 
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     e.i. λ2=1/4 da x2 
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a) (1/2,0,0,1)≠1
b) (0,0,1)≥0

g) 
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amiT μ2=0 qveSemTxvevis ganxilva dasrulda.

μ1 –is SemTxvevebi simetriulia ganxilulisa da iZleva igive kritikul wertils. sabolood, Cvens amocanaSi aris erTaderTi kritikuli wertili:  
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4. kritikuli wertilebis gamokvleva

rodesac eqstremaluri amocana Seicavs utolobis tipis SezRudvebs, misi kritikuli wertilebis gamokvleva rTulia. ZiriTad instruments warmoadgens vaierStrasis Teorema da misi Sedegebi, xolo, ukidures SemTxvevaSi,  ganmartebis Semowmeba unda vcadoT. Tu funqciebs aqvT damatebiTi Tvisebebi (amozneqiloba), maSin Cndeba damatebiTi SesaZleblobebic.

magaliTi /gagrZeleba/. 
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   da ukve viciT, rom  kritikuli wertili erTaderTia 
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aris erTeulovani wrewiris Caketili erTi meoTxedi, anu kompaqturi simravle. amitom amocanaSi arsebobs globaluri minimali da igi moTavsebulia kritikul wertilebs Soris. magram kritikuli wertili erTaderTia, amitom 
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pasuxi: maqsimaluri farTobi aqvs kvadrats, romlis gverdis sigrZea 
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es magaliTi sakmaod martivia, amitom uSualod ganmartebis safuZvelzec  SegviZlia gamovikvlioT kritikuli wertili 
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